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We consider classical lattice systems with finite-range interactions in d dimen-
sions. By means of a block-decimation procedure, we transform our original
system into a polymer system whose activity is small provided a suitable
factorization property of finite-volume partition functions holds. In this way we
extend a result of Olivieri.
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1. INTRODUCTION

This paper is concerned with the statistical mechanics of classical lattice
spin systems in 4 dimensions. By means of a block-decimation procedure,
we introduce a cluster expansion which is convergent provided a suitable
finite-size condition is fulfilled. In this way we extend to the general
d-dimensional situation the results already found in ref 1 for the two-
dimensional case. We refer to this last paper for a more complete discus-
sion of the motivations and the interest of our approach.

Here we only remark on the differences with respect to the standard
high-temperature expansions (see, for instance, ref. 2).

(i) The basic length scale in terms of which the geometrical objects
of the expansion are defined is one (=the spacing of the lattice) in the
standard theories, whereas it is a free parameter L in ours.

(i1) The reference system around which one performs the perturba-
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tion (cluster) expansion is universal (e.g., is a system of independent spins)
in the usual theories; in our approach it consists of a set of finite-volume
systems independent of each other but with nontrivial correlations in their
interior.

(iii) The small parameter in the usual high-temperature of low-
activity expansion is just the inverse temperature or the activity or some
simple combination of them; here it is related to the mixing properties of
a finite-volume system. We do not need, a priori, that all the interactions
between the microscopic constituents of our system be small, but, rather,
we take advantage of the thermal averages in order to exploit the weak
effective interaction between regions that are sufficiently far apart with
respect to the correlation length.

For the above reasons we believe that our approach can be useful,
for instance, for treating ferromagnetic systems in the “intermediate-
temperature” region, namely in the region of temperatures [T, T, ], where
T. is the critical temperature, T,=inf{T:spontaneous magnetization
m*(T)=0}, and T, is the estimated threshold of absolute convergence of
the usual high-temperature expansion.

Our results imply the absence of any kind of phase transition; so if
our condition for a finite-volume system can be verified (for example, by
means of a computer), then from its validity one can deduce rigorous
consequences about the corresponding infinite-volume system.

We think that our condition can be useful for a computer-assisted
proof of the absence of a phase transition even though to get significant
improvements of the region of convergence with respect to the traditional
cluster expansions one probably needs very powerful computers.

Our results are strictly related to the analogous ones by Dobrushin
and Shlosman. In ref. 3-6 these authors developed a theory of the unique-
ness and analyticity of the Gibbs states which does not make use of the
cluster expansion. In ref. 6 the authors give 12 equivalent conditions that
ensure that a given system belong to the class of the so-called completely
analytical interactions.

These conditions are “constructive” in the sense that they only need to
be verified in some finite volume V whose size depends on the constants
involved in the conditions themselves (see ref. 6 for more details). As
remarked in ref.1, the Dobrushin—Shlosman conditions imply ours and it is
very easy to see that the present paper constitutes, in particular, an
alternative proof of the results of ref. 6 (see Remark 2.1).

In other words, Theorem 1.1 below says that we have found another
equivalent constructive condition for an interaction to belong to the class
of completely analytical potentials. We think this result of some interest not
only because it possibly gives a better and easier-to-verify condition, but
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also because its proof, which is based on a very different approach, seems
to be shorter and, in our opinion, more transparent.

Moreover, we think that our approach can be applied to some
problems generally treated via high-temperature expansions, such as the
Ornstein-Zernike behavior of the two-point correlation function. Finally,
we want to stress that our approach allows us to obtain a finite-size condi-
tion for the convergence involving thermal averages (see Theorem 1.2)
instead of the supremum over the boundary conditions (see Theorem 1.1).
Of course, one cannot avoid using this kind of condition in mean in order
to treat systems of unbounded spins. On the other hand, our weaker condi-
tion can be useful also for Monte Carlo simulations. One can “measure”
with a Monte Carlo method the quantities involved in our sufficient condi-
tion and state (if it is satisfied) that one is in the pure phase region. In
other words, one can perform an “empirical” test for the validity of a
condition which rigorously implies the absence of phase transitions for
the infinite-volume system.

Let us now define the model and state the results.

Given A < Z“, the configuration space in 4 is the set S, = {0, 1,..., s}
for some fixed integer s. A configuration in 4 is a map o: 4 - {0, 1,..,, s}.
We denote by |A| the cardinality of a finite set A<Z% and for
X= (X505 %), V=(Yi5es V) in Z9 we denote by dist(x, y) or |x — y| the
distance defined as

,,,,,

If Ac 77 diam A=sup, ., |lx— y| is the diameter of 4. We suppose
given a potential U= {U;}; X<7% |X| <}, Uy: Sy— R such that:
(C1) dry>0: Uy=0 if diam X >r, (finite range).
(C2) YXc2Z% |X|<ow,VyeZ? Uy, ,= Uy (translation invariance).
Given a finite volume 4 < Z¢, we denote by

-1

Hyo,)= T

Y Ux(oy) (L.1)

xa=d

the energy associated with the generic spin configuration (g,) in S,
multiplied by —1/T (T being the temperature).

Given two disjoint finite regions A, A, in Z% we define the inter-
action between A, and 4, by

WAl,Az(O-AI: UAZ) = HA1 uA;(UAp 0'/12) - HA](JAI) - HAZ(U—AZ) (1.2)
Given a finite volume A < Z¢, we call the “outer boundary” of A the set

8, A= {xeZ\A:dist(x, 4)<ry)

822/59/1-2-15



224 Olivieri and Picco

Given a spin configuration B ,€S;, 4, the finite-volume Gibbs measure
with boundary condition f is given by

1h(0.4)=Z(A; B) " exp[H 4(0.4) + W 4,5, 4(0 45 Boy1)] (1.3)

where

Z(A; )= ), exp H(0,)+ W 15,4(04, Boya) (14)
cAES,
is the partition function in A with boundary conditions . We often say
that 4 and B are respectively the support and the boundary conditions of
the partition function Z(4; f) and we write

A=supp Z(4, ) (1.5)
We set, Vp,
Z(; p)=1 (1.6)

Now let O, (x) be the cube of edge L centered at x, for a given xe Z¢ and
an odd integer L; namely

L—-1
0.x)={ ezt Ix- v <5

Let 05, = 0,,(0) be the cube of edge 3L and center the origin of Z%.
We set

Q3. =05.(J)v Q(s)L(]) v 037(/)
where

% () ={yeQ.(x), Qux)= 0y, (x),=0, +L, =L}  (1.7)

where je {1, 2,.., d} and (x), is the jth component of x.

In other words, we divide Q5; into three slices according to a given
direction of the lattice.

Let L be an odd integer >r,. Let P, ; be the set of all subsets of
0%, (j) which (i) are unions of cubes Q,(x), (ii) contain Q,(0), and (iii) are
symmetric with respect to all the directions of the lattice different from the
Jjth one.

Let ¢,, o_ be spin configurations €S,y (), So; () and 7 a spin
configuration eSQ ,nas We denote by Z “)(A g_,0 +,r) the pattition
function with support 4 € P, ; and boundary conditions o _ , in Q3" (/),
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respectively, 7 in Q3 \4 and 0, namely the configuration identically equal
to 0 in Qf,. Notice that here 0 plays only the role of a fixed reference con-
figuration.

Condition C,. For a given L the following inequality holds:

ZWA;0_,0,,1)ZY(4;0,0,71)
S - - —
b o S 1200, 0,0 20(4;0,0,, 7)

<[3(29*F 4 1)]74. 272" (1.8)

The following theorem contains our main result.

Theorem 1.1. Suppose that conditions C1 and C2 are satisfied and
that there exists an L such that the corresponding condition C; holds.
Given U',.., U' translationally invariant real potentials with finite range
<r,, consider the complex partition function Z(4; f; U) defined as in
Eq. (1.4) with T=U+3/_, 4,U’ in place of U and 4,€C, j=1,., L Let
f%:C'— C be given by

1

LBy s 2) =T log Z(4, B, T) (1.9)

Then there exists a neighborhood £ of 0 in C’ such that, for
A= (A, 4,) € Q, the limit

1 ~

Iim —log Z{(A:; B; U

lim, —log 243 0)

exists and is a holomorphic function of 4,,..., 4, in Q.

In fact, the thesis of the previous theorem could have been,
immediately after Eq. (1.9), “Then, there is a convergent cluster expansion
for the free energy.”

The above analyticity result is quite standard to deduce when expres-
sion (2.5.6) and Proposition 2.5.2 below hold true.

Moreover, in this situation one can prove uniqueness of the Gibbs state
as well as more general analyticity results also concerning thermal averages
of local observables even with respect to nontranslationally invariant com-
plex perturbations. Finally, exponential decay of truncated correlation
functions can also be proven. We omit the complete proof of Theorem 1.1
and we just prove Proposition 2.5.2, of which, using Proposition 2.5.3, it is
an easy corollary.

Looking at the proof of Proposition 2.5.1, it is not hard to see that our
results can be extended to the case of long-range interactions that decay
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with the distance r at least as 1/r??"¢ (where d is the dimension and ¢ > 0).
In fact, one can adapt to the general d-dimensional case the methods
developed in refs. 7 and 8. The case of general compact spin systems does
not present any particular new difficulty and a result similar to Theorem
1.1 can be obtained along the same lines.

The announced stronger result is contained in the following Theorem
1.2. For simplicity, we state it in the same hypotheses as those of Theorem
1.1, but it is clear that one can obtain a similar result also for the case of
unbounded spin systems. The statement of Theorem 1.2 needs many
preliminary definitions and it is only to give a simpler and self-contained
statement that we have given the weaker form of the result contained in
Theorem 1.1.

Theorem 1.2. Suppose that conditions C1 and C2 are satisfied and
that there exists an L such that the corresponding condition C; of Section
2 below is satisfied. Then the statement of Theorem 1.1 holds true.

Again the complete proof is omitted. It is an easy consequence of
Propositions 2.5.2 and 2.5.4.

2. POLYMERIZATION AND CLUSTER EXPANSION

The main purpose of the present section is to transform our original
spin system into a polymer system by performing a block-decimation pro-
cedure. Since this section is rather long, we now give a short description of
it. In Section 2.1 we introduce a partition of Z¢ into 2 disjoint sublattices
and make the d-dimensional analogs of a regular pavement with 2¢ dif-
ferent d-dimensional cubes. In Section 2.2 we describe the first of the 2¢
steps of our block-decimation procedure. Section 2.3 is the heart of the
paper; we define there the basic operations that we will perform in order
to continue our procedure of summation. In Section 2.4 we describe the
result of the general step of summation. In Section 2.5 we state the main
result of this paper, namely we define the polymer system we have obtained
and perform a cluster expansion.

2.1. Notation and Geometric Considerations

Let L be an odd integer, L > r, being the range of interaction. This L
will be our fundamental length scale; all objects we shall define live on this
scale. We denote by Z the original lattice where our spin system is defined.
In order to introduce our partition of Z¢ into cubes of side L, we use an
auxiliary lattice Z¢ whose points are in one-to-one correspondence with the
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centers of the cubes of side L in Z¢. For x € Z we denote by Q(x) the cube
with center in Lx and side L: Q(x)=Q,(Lx)={yeZ" |y — Lx| < L—3}.

Moreover, for any subset V of Z¢ we set Q(V)=J,., Q(x); in par-
ticular, Z¢ = Q(Z9). We often identify a set of points ¥ in Z¢ with the union
of the unit cubes centered at the points of V. In this way Q(F) becomes the
homothetic image of ¥ in Z% Now, given a partition of Z¢ into 2¢ disjoint
sublattices of spacing 2, Z¢=J%_, ZZ, our partition of Z¢ into cubes of
side L will be given by

2= o) (2.L.1)

Our partition of Z¢ is defined in the following way.

79 is simply 2Z¢ i.e., the sublattice of Z¢ of spacing 2 centered at the
origin. For 1 <k <27 we take Z¢ as the sublattice of spacing 2 obtained
from Z{_, with a translation by a unit vector e, parallel to one of the
lattice directions; namely, the points of Z{ are nearest neighbors of Z¢{ |
in Z¢ (see Fig. 1 in the case d=2). In the sequel we often identify a block
Q(x) in Z¢ by its center x in Z¢ and we denote by p(x) the index of the
sublattice to which its belongs; more precisely, p: Z¢ - {1, 2,..., 27} is given,
for xeZ¢, by p(x)=j if xe Z{.

Given xe 7% we write ox={yeZ’| [|x—y|=1}; D(x)=xu dx will
denote the cube in Z¢ with center at x and edge 3. More generally, given
VeZ? we write 8V = {xeZ?dist(x, V)=1}.

¢ B ¢ =
®

4 4
"= e N O
4 4

2 o 2 2
Bz 0z, =z ¢z

Fig. 1.



228 Olivieri and Picco

Now, if ke 1,..., 2% we denote by I', the family of parallel hyperplanes
of dimension d— 1, orthogonal to e, , ,, passing through points x, of Z¢;
more precisely,

Fe= ) Y(xi+2ne,,15€001) (21.2)
ne”Z

where x, is an arbitrary point of Z¢ and we have denoted by Y(x;e) the
hyperplane of dimension d—1 passing through x and orthogonal to e. We
denote by I', + e, the translate of the set I', by the vector e, , ;. In this
way we get the foliation of Z7 in hyperplanes orthogonal to the direction
e, 1 (see Fig. 2), that is,

Zdzrku(rk+€k+1) (2.1.3)

We always think of the spin configurations in a finite volume A c 74 as
spin configurations in the whole Z¢ by simply extending them to 0 in Z4\ A
and we use the notation ¢(A) instead of the more usual ¢ , to denote a spin
configuration with support in A:

o(4): 79— {0,.,n}
such that

o(A)x)=0, VYxez\4

/ / / / / / /

/ / / / / /
/ / / / / / /
/ / /

e o

A

Fig. 2.
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Given 4 and A’ subsets of 2%, and (4) and 7(4’) two spin configurations,
we say that they are compatible if a(4 N A")=1(4A N A’) with the conven-
tion that if 4 n A’ = (¥, they are always compatible.

Given two compatible configurations ¢(4) and 7(4’), we denote by
o(A) A ©(A’) the spin configuration which coincides with ¢ (and t) on
An A and with 0 on (4N A4')° and we denote by ¢(4) v 1(4’) the spin
configuration which coincides with ¢ on 4, t on 4’, and 0 on (4 U 4')".

If xeZ¢, a spin configuration in Q(x) will be denoted by «,(x) and a
spin configuration in Q(Z¢) will be simply denoted by a.

2.2. The First Step

Let m be an integer and V,, = V < Z¢ the cube of side 2m + 1 centered
at the origin; we consider a spin system enclosed in the cube
A= Q(V)c= Z° For simplicity we consider periodic boundary conditions; it
will be clear from what follows that with minor changes, any boundary
condition can be treated.

Let H(x,(x))= Hy,)((x)) be the self-energy of a block centered at
Lx for some xe Z¢. If ke {1,.., 29}, we shall write V, =V Z{;

Hy(o)= Y H(og(x)) (22.1)

xe Vi

is the self-energy of the family of blocks centered on the kth sublattice and
belonging to Q(V).

If xeV,, the interaction energy of a block Q(x) with those neigh-
boring blocks which have an index strictly bigger than k is given by

2d

Wy(ak(x);a>k)=WQ(xwz;:kHUxhewhm(ak(x); YRR, ah(x,»)

h=k+1 xpedxnVy

(22.2)

The corresponding interactions for the volume ¥, will be denoted by

Wil s ,)= Z Wiy (ae(x); &5 i) (2.2.3)

xeVy
Using the partition given by {2.1.1), we can write

24
H  (o(A))= Z Hy (o) + Wilae; @) (2.24)
k=1
Now we want to perform a block-decimation procedure by summing
first on the «, variables, then on the «,, and so on.
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. If we denote by 3", the sum over all configurations in Sy, We can
write
Z,= Y et
& ey 224
=Z vz Z efv(ad—1)+ Wynd-sas2d-1)
o oy
.. Z eHV(ock)+ Wy (o 00 4)
e

Z V() + Wy(atios) (2.2.5)

a

Using the fact that the range of the interaction is smaller than L, we
get for a fixed configuration as,..., oya:

zeHV(a1)+ Wy(asast) — H Z(Al(xl);ﬁl(xl)) (226)

al xpeVy

where

Z(A1(x,); B1(x1)) = Z(Q(A1(x,)), B(Q(0A,(x,))) (22.7)

where 4,(x,) = {x,} and §,(x,) is the spin configuration in Q(dx,); namely
Bi(xy) = {o(x,)s k=2, x, €8x, N7}

As is clear from expression (2.2.6), after the first summation over o,
the term Z(A4,(x,); f,(x,)) couples the configurations in Q(x, +e,) and
Q(x; —e,), giving rise, in such a way, to an effective interaction between
them.

In a sense that we are going to make precise, if our finite-size
factorization property C, holds, this effective interaction becomes small.

Definition 2.2.1. Givenee {~1,0, +1}, xe Z% and a unit vector
e parallel to one of the lattice directions, we define a map

S%et Sowwey = Sowo (2.2.8)

in the following way:

(i) Ifec{—=1,0, +1} and if ze Y(x; ) N D(x),

S8%.e(0(Q(2))) = 0(Q(2)) (2.2.9)
(iil) Fore=0and z¢ Y(x, e) n D(x),
S9 (a(Q(2)))=0 (2.2.10)

where 0 means the 0 configuration in Q(z).
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(i) If ee{—-1,+1} and zeY(x+e,g;e}nD(x) for some
ge{—1, +1},

stdat@un ={g T e @2.11)
Here also 0 means the zero configuration in Q(z).
We define also, if 4 is an arbitrary subset of D(x),
S A=4nY(x;e) (2.2.12)
and if ee {+1—1},
St , A=A {Y(x,e)u Y(x+ce, e)} (2.2.13)

Now if Z(A4;p) is a partition function with support 4 < D{(x) and
boundary condition f, we define

Z(A; p) = Z(S%, . 4; S5 . B) (22.14)

where, also here, we set Z({; f)=1.

Let us now write for any x; € V, the following trivial identity, where
for simplicity Z(A(x,), B;(x,)) will be denoted by Z:

St _Z)S; . Z
( X1,€2 0)( X1,€2 )(1 +¢)1”) (2215)
le ez
where
(Z)(S%,.,Z)
¢)1c _ Xi-€2 2.2.16
! ( xi, ezz)( X1,€2 ) ( )

is the function
(15)1(1: SQ(axl) - R
Bl =D ({0u(x,); k22, x,€0x,0Z1})

We notice that since the dependence on {a,(x, +e,), a,(x; —e,)} in

S; Zand S Zis factorized, the only interaction between QP(x, +e,)
and Q% (x, —ez) is present in the term & . This is small by virtue of the
ﬁmte -size factorization property (C,). If we disregard the “error terms”
XI, the partition function Z(A4,(x,), B,(x;)) becomes factorized and we
can easily perform the summation over the «, variables so that we can
repeat the same procedure. In this way we would produce new error terms

and again we could try to continue the procedure by disregarding them.
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2.3. The General Step

In each one of our 29 steps we will operate over all sublattices at the
same time. As will be clear in the following, a step will not merely consist
in the summation over the actual variables, it will rather consist in the
following operations that we are going to define: (i) unfolding, (ii) splitting,
(iii) gluing, and (iv) summation over the spin variables.

Definition 2.3.1. Given A, and 4, two subsets of Z% ¢,(A5) and
a,(A45) two compatible configurations, we call unfolding the substitution of
the left-hand side of the following identity by its right-hand side:

_Z(A1§0'1)Z(A2;°'2)

Z(A1U/1250'1V02)—Z(A Ao Ao,
1 2: Y1 2

(1+®) (2.3.1)

where
@_Z(A1UA2;U1 vV 0,) Z(A N Ay 00 A ay)
Z(Ay;01) Z(A50,)

-1 (2.3.2)

In particular, we call unfolding of a partition function Z(A4; o) at the
point x in the direction e the previous substitution in the case where

Ay =874, Ay =8_,4, c,=8.,0, 06,=8,.0
Now we define the reciprocal operation.

Definition 2.3.2. Given 4, and 4, two subsets of Z% ¢,(4%)
and ,(A45) two compatible configurations, we call giuing the following
substitution:

Z(Ay;0,) Z(Ay; 0,)
Z(A;nAy50, A 0y)

=Z(A1UA2;01 Vo'z)(l"i"ds) (233)

where
Z(Ay;0,) Z(A5; 05)

¢:
Z(A,nAdy;00 8 0,) Z(A,0Ay;,0, v 65)

-1 (2.34)
In particular, we call gluing at the point xe Z¢ in the direction e the
previous substitution in the case where

A, = D(x —e)n D(x), A, e D(x)nD(x+e)
and

o((D(x—e)n Dx)N\4;),  '((D(x)n D(x+e))\1,)

are two compatible configurations.
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Let us remark that if 4, A,=¢F, the gluing is degenerate in
the sense that Z(A,uds;0va)=Z(A,;0)Z(A,;6'), ®&=0, and
Z(A,nAy;0 A0’ )=1.

Definition 2.3.3. Let je {1,.., 2%} and, for any xe ¥}, let A(x) be
a subset of D(x) and f,(x) [resp. f_(x)] be a spin configuration in
(D(x)n D{x +e)\A(x) [resp. (D(x)nD(x—e))\A4(x)] for some vector
ee{e )2 ,; we call splitting in the direction e the following substitution
which is induced by the changes of variable x - y=x+e:

[T Z(A(x)nD(x+e), B.(x)) Z(A(x) N D(x—e), B_(x))

xel,

=1 Z((y—e)nD(p), B (y—e)) Z(A(y +e)nD(»), B_(y+e))

yev;

(2.3.5)

where i=p(x +e) with xe V,.
Let us remark that we only perform a splitting in the following cases:
A(x)nD(x +e)= 87, A(x)
A(x)NnD(x—e)=S_ A(x)
Br=S!.8, B_=S_,B for some spin configuration in D(x)\4(x)
To show how the previous definitions are useful and to introduce the

general step, we now perform a summation on the «, variables.
Let us call, starting from Eq. (2.2.6),

Z{az=3)= Z ]—I oH(aalx2)) + Wiaa(xa); a>2)
% X226 V2

x T1 Z(4,(x,); Bi(x))) (2.3.6)

X1eVy

We perform an unfolding at all points x, € ¥, in the direction e, and
we get

ZZ(OC>3) - Z 1—[ pHloa(x2)) + Wlaa(x2); 252}

%y x3€ V>

< T [S, e, Z(A1(x,); Bi(x))I[Sy, ., Z(A1(x,); B1(x1))]
x1e vy Sgl e Z(A(xy); Bi(xy)) ‘
x [T a+aL) (2.3.7)

x1e Vi
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Now we perform a splitting in the direction e,, that is, we write

l—[ [le gZZ(A1(x1)§ ﬂl(xl))][s;l,ezZ(Al(xl); Bi(x1))]

x1€ ¥V

H [sz e, eZZ(Al(x2_€2);ﬁl(x2_62))]

X[sz+32 EZZ(A1(X2+32);51(X2+€2))] (2.3.8)

where we have used Z{=7¢+e,.
If all the (D)Iq were equal to zero, by construction, we would obtain

Zz(“>3)|¢1§0

ZZ n e Haa(x) + Wlaa(x2): @>2)

% x2e V3

X H [Sx2 eneZ(A1(x2—e3); Bi(x;—e))]

x2€ Vs

X [S,, e e Z(A1(x,+e3); Bi(x2+e5))]
x [T [S9.6Z(A4,(x,); Bi(x1))] 7"

x1€ ¥y
= 1 [S%.aZ(A10x,); Bi(x))] 7!
x1€Vy
1% H {Z e H(22(x2)) + W(aalx2); %> 2)
x2€ V2 \aalx)

x [S;z e, ezz(Al(x2_€2); Bi(x;—es))]
X [S’f2+ez ezZ(Al(x2+62);ﬂ1(x2+62))]} (239)

where we have used the fact that S 21 0 Z(Ax(x,), Bi(x,)) does not depend
on o,.

It can be easily checked that each factor in the last product in the
rhs of Eq. (2.3.9) is nothing but the partition function with support
Q({xa} U {xy4+e,} u{x,—e,})=0(4,(x,)) and boundary conditions

ﬁz(xz)z{a(Q(y)) if yedxy, p(y)=3

0 otherwise
Therefore, by setting

Z(A(x3); Ba(x2)) = Z(Q(A:(x5)); B2(x,))
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we get, by neglecting the @’s,

z (“>3)|¢1—0— H Z(A5(x5); B2(x3))

x€ V2

x [T [89,.52(4,0x,); Bi(x,))17" (23.10)

x1eVy
In the real case where ¢ jq is nonzero, by multiplying and dividing by the
factor
H Z(A;(x5); Balx2))
x2e V>

we get

2(a3) n Z(A5(x,); Ba(x2))

x [T [S% ., Z(A,(x,); Bi(x, )] !
><v§>2( [1 <1+¢;)) (2.3.11)

where v.__ is the normalized product measure on Sy,,, defined by

DM Zf o) "1>2 (o2)

if /2 Spv,) — R with

2 H{x(x2)) + Wiaa(x2); 252)
Va>2(062 H eHl=lx: 2(x2); @2
x2e V)

S;Lz e, ezz(A1(Xz—€z);ﬁ1(x2_€2))
XSt Z(A1(xy+ €3); Bi{x:+e5))

1T 2.3.12

g Z(A50r2): Balx2)) (2312)

Let us now describe the general step. We give here a rough description
of the sequence of operations that we perform without giving exact defini-
tions and without any proof. The precise statements will be contained in
the rest of the present section and in Section 3.

Our procedure can be described as a sort of “cellular automaton” in
the sense that at each time we apply simultancously at each site (of Z?, the
lattice that characterizes the centers of the cubes of our partition) a trans-
formation different from site to site. The variables present at each site, at
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each any given time, will be a volume, a boundary condition, and a
variable taking value in {—1, +1}. The first two correspond respectively
to the support and to the boundary condition of a partition function and
the third one will say if this partition function is raised to be power —1 or
+ 1. The criterion for updating our variables in a given site at a given time
will be local, in the sense that it will only depend on the variables on the
neighboring sites, and nonstationary in the sense that it will depend
explicitly on time. This “time evolution” corresponds to writing the same
quantity (the global partition function) in different ways by summing at
each time over a new class of variables corresponding to one of the 2¢
sublattices of the partition (2.1.1).

After the summations on the spin configuration o,.., «, for some
k =2, we claim to have produced beyond other terms a product of the form

[T [Zk(x)3*™

xeV

where ¢,(x)e {+1, —1} and Z,(x) are partition functions whose supports
are indexed by x. For simplicity we ignore for the moment the important
question of boundary conditions.

Moreover, some of the previous partition functions couid be equal to
one if their support is the empty set (if k=2, this corresponds to all
x¢ V,uV,). This is a spurious effect which occurs at the beginning of our
procedure of summation, but there exists an integer k€ {1,..., 2¢} such that
if k> k,, all the partition functions are different from 1.

Now, for any xe I', n V, we perform an unfolding at the point x in the
direction e, ;. If Z,(x)=1, this is a completely trivial operation. Let us
remark that we perform an unfolding even in the case when ¢ (x)= —1.

Then we perform a splitting in the direction e, , ;. In particular, at this
stage we get, ignoring the error terms, for any xe I', + ¢, , a factor like

[Zg(x)]ﬁ/((l)(x) [Z;- (X) Z’: (X)] +82)(x)

where the Z}(x) Z, (x) comes from the previous splitting, whereas the
Z9(x) are already present, coming from the previous steps. In some cases
Z%=1.

The main difficulty of our construction is to realize that at this stage
we are in the right situation to perform a gluing at all points xe I', + ¢, 1,
namely, we have to have obtained at each point an expression like

with analogous compatibility conditions for the boundary conditions. In
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the following subsection we will introduce tools that allow us to prove this
nontrivial fact. Now, assuming that it is possible, we perform a gluing at
all points xe I'* + e, , n V, then we perform the summation over the spin
configurations a,,,. An important remark at this stage is that if one
ignores the error terms, the dependence on o,  variables is factorized so
that one can perform independently the sum over o, (x,,.,) for any
Xe.1€Z%, ,, and get in this way, for any x,,,e€Z¢, ,, a new partition
function. We stress that the effect of the unfolding, splitting, and gluing is
also present in the other sublattices.

What we really do, taking into account that @ 0, is similar to what
we did to obtain (2.3.11), namely, we multiply and divide by the proper
normalization factor and we get, in this way, a normalized product
measure over o, ; variables. ’

2.4. The Result of a Generic Step

In this subsection we define all supports and boundary conditions of
the partition functions together with the measures and error terms that we
have obtained at the kth step of our procedure.

The following definition corresponds, when k=2, to the first term on
the right-hand side of Eq. (2.3.11).

Definition 2.4.1. Given ke l,2,3,.., 2% we define for any x, € Z{

A(xp)= {xeD(xy); p(x) <k}

(2.4.1)
Bi(xi) = {x€d(xi); p(x)>k}
Given a generic spin configuration o, we define
_Jo(Q(Bi(x,)))  in Q(Bilx,))
Belx) = {0 otherwise (24.2)
ee(xe) = +1

See Fig. 3 for the case k=3, d=3 and Fig. 4 for the case k=35, d=3.

Now we want to define the support, the boundary conditions of all
partition functions we have produced, together with the exponent at which
they arise.

Given k€2,..,2% let Z*® be the sublattice of Z¢ of dimension d(k)
with spacing 1 centered at the origin, generated by the vectors e,,..., e;.
We set

2d(k)
Md(k)= U Zjd

Jj=1
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Notice that M¢=Z“ In our previous description of the general step the
points x which belong to Z“\M“* are precisely those for which Z=1.
Let uy,... Uyy be a base of vectors, parallel to the axis of Z¢
generating Z4%),
Now, given je {1, 2,.., 2%}, let d(k, j) be the distance between the
two sublattices Zd and Z¢ induced by the following metric on
74 ||x—yHl— 7 xi— il Moreover we can find AMONgG U ,..., Uik A

,,,,,

.....

d(k, j)
Z]dz Zg"‘ z 8/'1)1
=1
This will be denoted by Z{=Z{+y(k, j) and we write |y(k, j)| = d(k, j)-
We say that a vector e is orthogonal to y(k, j) if e L v, Vi€ {1,.., [y(k, /)| };
this will be denoted by e L y(k, j).

Definition 2.4.2. Given ke l,..,2%and je {1, 2,.., 29®}, we define

[7(k, /)]

Y(x;9(k, )= () Y(x;0) (2.4.3)

Namely, Y(x;y(k, j)) is the affine hyperplane of codimension [y(k, j)|
orthogonal to the vectors v,,..., v, ;, passing through x.

Now, if Z(A4,(x), B(x))™*) is the partition function that appears at x
after k summations, we have the following.

Definition 2.4.3. Given kel,.,2? and xe€dx,, x,eZ{ with
p(x)=j for some jel,.., 2% we define

(@ if p(x)>290
Adx)= JiA,{(xk) N Y(x;y(k. j))  otherwise (244)
By (x) = B(x,) n Y(x; y(k, J))
Given a generic spin configuration o, we write
52— { (QBLx))  in 0(8() 245)
otherwise

P (x) = (_ 1)Iv(k,1)\

See Fig. 5 for the case k=3, j=1, 2, d=3; and Fig. 6 for the case k=5,
j=4,3,21,d=3.

Now we define the normalized measures obtained in our process of
summation.

822/59/1-2-16
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As(x,)

_— Y32
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Fig. 5.
Definition 2.4.4. Given ke€2,3,.,2¢ and a spin configuration

d . .
Olg 4 1 eeey Opd ONL Uf:kﬂ V;, we define the normalized Bernoulli measure v%_,
on §,, by

ve () =2 flo) vE () (2.4.6)

where f: 5, = R,

v§>k(ak)= H v[f;k(xk)(ak(xk))
Xk € Vi

and for any x, € V,,

() + Wiaelxi); Bielxi))

"]Ek(xk)(“k(xk))z Z(A,(%0); Bo(x2)) Z(A(x)\Xg5 Be(xe))
We denote by
k+1 o k

the measure on Sy, 4, With weights

v,;:kil(ak+1) V§>k(°‘k)
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Fig. 6.

We emphasize that the weights v§_ () depend on o, ., and therefore

k+1 k

vitl ovy  is not a product measure, but rather a composition of the two

measures.
Now we define the error terms we produce when we perform an
unfolding [Eq. (2.4.7)] or a gluing [Eq. (24.8)].

Definition 2.4.5. For any ke l,.., 29 and xe I', we define

0= - 14| o e LN L e i a2 "
' ST arn 2L Bu(¥)) S, Z(A2): Bili)

(2.4.7)
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Ifxel,+e,, and x¢ V.,

Bi= — 14 [Z(A(x); B(x)) Z(Ay 4 1(x); B 1(x))]
X [S;~ek+1,ek+IZ(Ak(-x—ek+1); Bilx—ex, 1))
XS teine LA+ e ) Bilx +e,iq))] T (2.4.8)

If xe Vi, Z(Agy1(x); Brr1(x)) has to be replaced by Z(4, . ,(x)\{x};
Br+1(x) v ey 1(x)) in Eq. (2.4.8).

2.5. The Main Result

Now we can state one of the two main propositions of this section,
namely the one which corresponds to the “polymerization.”

Proposition 2.5.1. The following formula holds:

Z4,= H { H [Z(Azd(xj), ())]Ezd(X,)}

j=1 ‘xeV;

2d

oottt (TH L] I asen ) esy

k=1 Ug2db Lyevy,

The proof of Proposition 2.5.1 will be given in Section 3.

Now we are ready to write our partition function in terms of a gas of
polymers whose only interaction is a hard-core exclusion.

For ke {1,.,27} and j<29® let us define the following family of
points:

if I
CS(X)={Bk(x) Torek (2.5.2)
By 4 1(x) if xelj+er,
We define also
Cixy= U {yed(x+eecyy) p(y)>k+1} (2.5.3)
sre{—1, +1}
and more generally, if / is an integer, 1 </<29—k,
Ci(x)= U {yed(x+eep, + - +eee, ) p(y)>k+1}
B, {—1, +1} (254)

For a given kel,.., 2% and xe Z% we call a C* bond the following set of
points:

29—k

Cix)= | Ci(x)
=0
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A bond [ will be always a C*(x) bond for some ke 1,.., 2¢ and xe Z. We
say that two bonds /, and /, are connected if /; n I, # (. A polymer R is
a set of bonds /,,..,/, that is connected in the following sense: Vij,
1 <i< j<p, there exists a chain of connected~ bonds in R joining /; to [,
}ior R=1,,..,1,, we set |R| =p. The support R of a polymer R=1,,.., 1, is
R= Uf=1 l;.

We call Z the set of all possible polymers with arbitrary support in Z%
AR, is the set of all pglyme;rs such that R < A. Two polymers R,, R; are said
to be compatible if R, R, = (J; otherwise they are called incompatible.

Given a polymer R« #: R=C"(x,),.., C*(x,), we call the activity of
R the quantity

r
CRy=v"evil )t oo oviz( I ¢i§> (2.3)
j=1
We can write
Z4, “1+Y Y TR 256)
d _ . 5.
TT720 11, e v, [Z(A(x;); 0)] > Riw Ru€ R,y i=1
RNOR =

Then it is sufficient to divide our partition function by a suitable product
of local terms in order to get the partition function of a gas of polymers
whose only interaction is a hard-core exclusion. The denominator on the
left-hand side of Eq. (2.5.6) represents the partition function of the
“reference system,” which is then given by a suitable set of noninteracting
finite-volume systems.

Proposition 2.5.2. Let

n

Ee=1+Y Y JJUR) (2.5.7)
nz=l Rl ..... B,,es}?,i 1=1
RNR =
Let
1
O (Ri R) = T (1)) (2.58)

where G(R;,.., R,) is the set of connected graphs with # vertices (1,..., n)
and edges /, j corresponding to pairs R;, R; such that R.n ﬁj¢ & with the
convention that if G is empty, the sum is equal to zero, and if n=1, the
sum is one. If

IL(R)| < AR (2.5.9)
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with

A<[3(29F 4 1)] 4272 ? (2.5.10)
then (i) there exists a positive constant C(4, d) such that

Y @"(Ri.mRy) H LR <C(, d)e™ (LR (2.5.11)

Ry, RyeR i=1

and (i) in addition,

Z ,=exp [ Y ¥ (R, R)]I C(R,-)] (2.5.12)
nzl Ri,.. R, i=1
FZ,CA

Proof. The proof can be obtained by the standard methods of the
cluster expansion. We follow the lines of refs. 7 and 9, to which we refer for
details. Let N be the maximal cardinality of a bond C*(x). For any o> 1,
we get, from Eq. (2.5.9),

LR)| < (a2) [(1)1“}”
o
<[<;> } ()R (2.5.13)

We can write, as in ref. 7,

IL(R) <R TT 0. (2.5.14)
ce R
with
1 /N
a=<—> . Q.= (2.5.15)
o
We have
Y 9. <NMaui=S (2.5.16)
C30 .

where M is the number of different bonds and we easily get M <272
Let us remark that if E is an upper bound for

sup sup diam C*(x)

k=1,.,29 xezd
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then
N< (3E) 2.5.17)

On the other hand, it is easy to check that diam C }(0) > diam C§(x),
Vx € 79, Vk =1,.,2% and, since diam Cf < 2+diamC},, for
[=0,.,29—1, we get diam C*(x)<2¢*'+1. Thus, we can choose
E=2%"141. Now, by Lemma 1 of ref. 7, we get the result if

1
expS<————""+~— (2.5.18)
[/o (2—/0)]
namely
1/2N
eXp(NMOM)<;_—(1‘/‘&Sm (2519)

By choosing o = e, one easily gets the final sufficient condition for the
convergence:

A[3(24+ 1+ 1)]&’22d<;1‘I i (2.5.20)

Proposition 2.5.3. If 3L such that condition C, of the introduc-
tion is satisfied, then, for the corresponding system of polymers, the
following estimate holds:

IL(R)| < AR (2.5.21)
with
A=[3(29F 4+ 1)] 92 %4 (2.5.22)
Proof. We write
Jo= sup  sup  sup |@%)

k=12 j=1.,240 oeo(Ckx)))

where x; is any point in Z{ (by translation invariance, &% = &% Vx, ye Z¢,
Vi=1,.,2%.

Since all the vj , are normalized measures, we immediately get the
result with 4, in place of A. '

For xeZ? let A= D(x) and let Z(A; B) be the partition function in
Q(A) with given boundary conditions B€Soeonon For a given unit
vector e a straightforward calculation shows that
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Z(A;8) S, Z(4; B)
St.Z(4; B) S, Z(4; B)
= > whPo(o ) uh P )

O €S04 Yix—ee))
G4+ €SQ(An Y(x +ese))

Z(Ag;p_vo_,Bo, B, vo,)Z(A4,:0,8,,0)
Z(AO>B— VU~’ﬁO7O)Z(AO;Oaﬁ0: ﬂ+ VO—+)

(2.5.23)

where

Bi =ﬁ|Y(xie;e)a ﬁOz ﬁ|Y(x;e)
A =AnY(x+te;e), Ag=A0Y(x;e)

and pf:"(0.) are normalized Gibbs measures in A, with boundary
conditions f_ B, and B, f,, respectively, from which, if C, is true, one
immediately gets the result.

Condition C;. For a given L, let

A= sup sup [ I1 Y V2 (0 (3 54)) - -

k=1,,29 j= 1,200 | i Chx)) n 2% 22d(x2d)

1p
< Tl ) vﬁjkil(am(xkﬂ))|¢§,|P} (25.24)

d
xk1€CRX) N ZE | s (k1)

where x; is any point of Zj‘.’, and p is an upper bound for the maximum
number of C* bonds that can pass through a point. A possible choice is

p=2%[3(2¢*1+1)]¢ (2.5.25)
We say that condition C is satisfied if
A3 H1)] 7427t (2.5.26)

Proposition 2.5.4. If 3L such that condition C/, is satisfied, then
for the corresponding system of polymers the following estimate holds:

(R < AR (2.5.27)
with
A=[3029" +1)] 92 ¢ (2.5.28)

Proof. The proof will be given in the Appendix.
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Remark 2.1. Following Dobrushin and Shlosman,® we define for
AVl [VI<w, feS; v,

qraloDip)= 3 whe(V) (2.5.29)

a(V\4)

[see Eq. (1.3}].
Moreover, if ¢, and ¢, are probability measures on S ,, we set

Var(q,, ¢,) = Z lg,(a(4)) — g2(a(4))]
O'(A)

Let B;, f, be configurations in ¢, V" such that
Bux)=Bo(x),  Vx#£1ed, V (2.5.30)
Now suppose that the following condition C2-% is satisfied.

Condition C2°. For some positive k and y we can find an L such
that, if V' is any subset of P, ;, for some je {1, 2,.., d} we have, VA<V,

Var(qy, 4(:181), 4v,4(+1 B>)) < Kexp[ —y dist(s, 4)]  (2.5.31)

Then, from Corollary 3.2, Egs. (3.9) and (3.14) of ref. 1, it is easy to check
that
“ Z9M50_ 0., 1) Z9(4;0,0,7)
b 2060, 270, )

< 2eMHI(3L)2E—D) 2 Kprt (2.5.32)

where

1
lull = sup sup [u(a(x))| - —
x30 o(x) T

In ref. 6 the authors introduce, among others, the following,

Constructive Condition lll.c./® For some positive X and 7y, for
any region V<Z? such that (diam V)/3<L(K,y,d), YAV, YB,, B,
satisfying (2.5.30), Eq. (2.5.31) is satisfied.

Of course, the above condition implies condition C2'5.
Then, if, for a given potential U, Condition IIlc of ref. 6 is satisfied
with L(K, y, d) given by

264}1u|\r§(3L)2(d~1) Ke—yL[3(2d+1+ 1)]d 22d€4<1 (2533)

our Theorem 1.1 implies that U is completely analytic (see ref. 6).
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We have thus obtained an alternative proof of Theorem 4.2 of ref. 6.
We recall that the condition ref. 6 [Eq. (4.1)] analogous to our (2.5.32) is

[(K+ 1)(3L +2ry + 1)712¢+3 2d exp (-%)a (2.5.34)

3. PROOF OF PROPOSITION 2.5.1

We will prove Proposition 2.5.1 by recurrence on the number of steps
that we have performed.

Let us define a quantity Z ,(¢), where ¢ is an integer variable which can
be considered as a time, by the following formula if 1€ 2,..., 2%

d d d d
ZA(t=k) — Z efvia?) z efrid-i)+ Wrlwd-r.ad) |
o opd g
% Z eV ) + Wyt %5k 1)
Gk 41

X [T [Z(Ax(x); Brlx)]%)

xeV

k—1
X Vi Va2 0 ovi{ [T IT ITa +¢§,’>] (3.0)
k=1 j<24K) xev;
where the set A, (x) is defined in Eqs. (2.4.1) and (2.4.4) and the boundary
condition f,(x) is defined according to Egs. (2.4.2) and (2.4.5), where the
generic spin configuration ¢ is nothing but o, (,..., %

In particular, it follows immediately from Eq. (2.3.11) that
Z(t=2)=Z,. Now it is clear that, if we prove that Z,(t=k)=Z,
implies Z ,(t=k + 1)=Z ,, we have proved by recurrence Proposition 2.5.1
by taking k =27

We start by proving some lemmas.

Lemma 3.1. For any xe [, we have

S e Z(AK(x); Bilx)) = Z(Ag 1 1(%); Bres1(x)) (3.1)
Proof. We have first to prove that SO,  4,(x)= A, (x), namely

Ap(x) N Y(x, ep1 ) =Ap 1 1(X)

Let x, be a point of Z{ such that xe 0x,. From Definition 2.4.1, since
Xet+ep, 1 =X €28, and Y(x; e, ,)bx, ., we immediately get

Ar(x ) Y(x5ep )= A (e )0 Y5 €44 1) (3.2)
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Let j=p(x); it is clear that we can find y(k, j) and y{k+ 1, j) such that
@) yk+1, )= —epy+7(k, j) and (i) y(k, j) L ey, ).

By intersecting both sides of Eq. (3.2) with Y(x, y(k, j)) and using
Definition 2.4.3, we get

Ap(x) N Y(x;5epp1)=Ag,1(x)

To prove S?(’eh1 B.(x)=PBi . 1(x), we proceed in a similar way starting from

Egs. (2.4.2) and (2.4.5).
Lemma 3.2. For any xe ', we have

St Adx)n S

X,€k 41 X+ 2ek 1,k +1

Ap(x+2e, ) =A(x+ e, ) (3.3)
In particular, if p(x + e, () > 295,
St AkX)NS o Akx + 26, )= (34)

X2 €k +1

Moreover, we have

ep(Xtery )= —e{x)= —gp(x+2¢; ) (3.5)
Finally,

S;:ek+lﬁk(x) a'nd Sx_+26k+1,ek+1ﬁk(x+2ek+l) (36)

coincide on Y(x+ e, ;€5 1)
Proof. Let us prove (3.3). Since xe I, it is easy to check that
Y(x+errser) =Y +errise ) (3.7)

where x, e Z{ = I, is such that x e dx,. Moreover, if e is any unit vector
orthogonal to e, ;, we have

Y(x,e)=Y(x+e,,.;e)=Y(x+2e.,,;e) (3.8)
Therefore, if j= p(x), since any y(k, j) is orthogonal to e, ,, we get
Yk ) =Y(x+ e, 57k ) =Y(x+2e, 130k, j))  (39)
Consider the case x=x, e Z¢, since
D(x,+2e, )N Y(xeterysen2)=DOx) 0 Y(xe+e,, e0.,)
from Eq. (2.4.1) one gets

Arx ) N Y(xpters s erra)=Ap(xe+2e,) N Y(x+e 05 e, )
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And then, since
Sy Aex )N S, Ap(x+2e; )

Xieo €k 42 Xk +2ek4 1,812

= A (x ) Y(xp+eporse, )N A(xe+2e,, )

=A(xp )0 Y(xpe+episeri) (3.10)

Eq. (3.3) is proven for xe Z¢. Now, from Egs. (3.7), (3.9), and (2.4.4) we
get the proof of Eq. (3.3) for the general case.

Notice that if p(x, +e,.,)>2%"), then both side of Eq. (3.10) are
empty.

By similar arguments we prove (3.6). Finally, Eq. (3.5) is a direct
consequence of the definition of g,(x).

Lemma 3.3. For any xe ', p(x)#k, we have
S:,ekHAk(x)US;+2ek+1,ek+1Ak(x+2ek+1)=Ak+1(x+ek+1) (3.11)

S e Bilx) v S;+zek“,ek+lﬁk(x+2€k+1)=.Bk+1(x+ek+1) (3.12)

If p(x)=k, ie, x=x,€7Z¢,

St AX)UST o Ar(X + 2644 1)

= A i(x e N{x+eri) (3.13)
ST Bi(x) v S e riens Bl +2e, 0 )l ogxet e

=B (x+e, ) (3.14)

Proof. We have already proven [see Eq. (3.2)] that for xe I,
Ap 1 )N Y(xs €p ) = Ap(x) N Y(X5 €44 1) (3.15)
and by a similar argument we have aiso
A ii(xeter )N Y(x+2e 4 15€641)
=Ap(xp+2e )0 Y(X 42, 15€041) (3.16)
It follows from Eq. (2.4.1) that
[Ai(xe) 0 Ae(x+2e, )N Y+ epsrs €rr)
=[dp(xete )N Yxeteo, e )\ xe+e ) (3.17)

Now putting together Egs. (3.15)-(3.17), one gets Eq. (3.13). Equation
(3.11) follows from Eq. (3.13) and (3.9). By similar arguments, one gets the
statements (3.12) and (3.14) relative to the boundary conditions.
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Let us first consider the case where p(x, + e, )< 29", We start by
writing, for x e I',, the following identiy corresponding to the unfolding:

[Z(Ax(x); Prlx)]*
=(1+9%)

. [ESLMZ(Ak(x); Bl)LS ., . Z(Ak(x); ﬁk(x))]rm
S e Z(A(x); Bi(x))

(3.18)

where &% is defined in Eq. (2.4.7).
Then we perform a splitting, namely we associate the term

(L+ PSS, Z(Ar(x); Bi(x)) ] (3.19)

X, €k 41

to xe I, and, for e= {—1, 1}, we associate the term
[S% oo Z(Ak(x); Bi(x))]*) (3.20)

to x+¢e,.,. Notice that x-+ee, €. Therefore, after splitting, the
following quantities are associated to xe I, + e, :

[Z(A(x); Brlx)) ] (3.21)
already present, and

(S eorrnenn Z(AR(X = €x1); Bilx — e 1)) ] 50
(S« Z(A(x + ey 1); Bl + gy ) ]HE )

X+ep+1,€k+1

(3.22)

coming from the splitting in the direction ¢, , , at x+e,, ;.

Now we deduce from Lemma 3.2 that the expression that we have so
far is such that we can perform the gluing on I, + e, ;.

Let us write the following identities, which, by Lemma 3.3
and Eq. (3.5), since g (x)= —e,,,, correspond to gluing. For
xely+e.: p(x)#£k+1,

[Z(Aw(x); Bi(x))]*)
X [S;‘ekﬂ,ekHZ(Ak(x“‘ek+1); Bilx —er.y))
XS e ZAX T e ) Bilx + €4 1)) 1%

= [Z(Ag .1 (x), Broi 1 ()]0 (1 + @) (3.23)
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For x: p(x)=k+1
[Z(Aw(x), Bi(x))]*
XS e Z(A(x —ex 1) Bilx — x4 1))
XS eenerar ZAKX F gy 1); Bl +epe 1)) 1%
=[Z(Ag /(XN {x}; Biy 1 (%) v a1 (x)) 1% (1+ @) (3.24)

Now it is immediate to check that in all the sublattices Z7, j<29¥),
Jj#k+1, the new partition functions we have obtained after unfolding on
I', and splitting and gluing on I', +e,,, are the ones corresponding to
Z(t=k+1).

We notice at this point that these last partition functions do not
depend on the configuration variables «,.,. This follows from the
following facts:

1. After the splitting at xel’, there are boundary conditions
S g,ml(ﬁk(x)) which (see Definition 2.2.1) do not contain o, ; in the sense
that

ﬁk(x)|rk+ek+1=0 and then ﬂk(x)le_H:O

2. At any xel',+e,., with p(x)#k+ 1, by Lemma 3.3 there are
boundary conditions £, ;(x).

Looking at Definition 2.4.3, we see that §; , (x)|,,,, =0 and so also
B .1(x) do not contain a,,,;. We conclude that at this point the only
dependence on a; , ((x), for xe V., besides the one present in the error
terms, is given by the unnormalized (Bernoulli) measure:

Voot 1(x))
= e H(%+1(x)) + W(ak+1(X),a>k+1)Z(Ak+l(x)\{x}; ﬁk+1(x) v ak+1(x) (3.25)
We can write
Z,(t= k) = Z eHaload) Z eHAlad 1) + Walod,azd 1)
axd opd g
X .. Z eHA(OCk+2)+ WAtk +2, %5k +2)

Gk +2

x T T [2(A4u(x)); Bi(x)) 1%

j#k+1 xeV,
< 240

X Z H Voo Ok s 1 (X1 1))

%1 Xk+1€ Vsl

< 1 T1 D+ @57 (@spa)]

j<240) xe v,

ot (1T T ased) 6o

k=1 j<20) xeV,
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If we divide the expression (3.30) by the normalization factor

Z(Ag o 1(x); Brs1(x))

we get nothing but the measure v§" (o, , 1(x)) (see Definition 2.21).

Then, to conclude the proof of Proposition 2.5.1 for the case
d(k + 1)=d(k) it is sufficient to multiply and divide the rhs of Eq. (3.31)
by

H Z(Ak+1(xk+1); ﬁk+1(xk+1)) (327)

Xk+1€ Vi1

and finally to perform the sum over the o, ; variables. Looking at expres-
sion (3.26), it is easy to convince oneself that Z ,(t=k)=Z (t=k + 1).

The case when p(x, + e, ;) >2%* involves only minor changes and is
left to the reader.

APPENDIX. PROOF OF PROPOSITION 2.5.4

Let R=C"(x,),., C*(x,), g=|R|, be a generic polymer; then if
p=p(d) is given by Eq. (2.5.25), we want to prove the following inequality:

q
R < TT [v¥e o ovl (19%1)]
j=1 !
from which we get, using C;, the desired result:
IR < {[3(29F +1)] 922~} 1Kl

We write I= {1,.., ¢} and, if xe R,
I(x) = {je jC¥(x)) x}
I(x°) = I\I(x)

Let us write

ER)=[] 197

jel
ERx)= [] 194

jel(x)
ER x)= [] |@%

jeI(x)

If r=t(R) =Inf(j>2/Rn Z] #0), then we get
v o ov2 (E(R))=v¥o - ovE_ (E(R))
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Let Z{AR={y,,..yn} with N=|Z¢~R|. Since v} _ is a product
measure, we can write

Vi (ER) =[] X vi (())ER, ¥)

xeVy a(x)
x5 Y]

X Z v::>,(ar(y1)) é(Ra yl)

a(y1)
If we write
. lip
x/ y1 |: Z v“>r |¢ l{p:l
ar(y1)

using the fact that (R, y,) is a product of at most p terms di’;j and the
Holder inequality, it is not difficult to check that

Y v () R yO< T @4,

o (y1) xe V.
Writing
Iy, y2)=1{y;) " 1(y,)
I(y1, y2)=1(y71) 0 I(y,)
Iy}, y)=1(y)nI(y3)
and
ER y,y)= |1 |¢kj ol
jel(ys, y2)
SR yi v)= [ 194
je Iy, ¥2)
Ry y5)= 1 199
7€ 1031, %)
we get

vi. (CRy< ] Y Vi ((x) E(R, i, ¥5)

xe VA\{y1, y2} *l(x)

x Z vi (2(¥2)) E(R, y1, ¥2) S(R, ¥1, V>)

oe(y2)

Since |I(y,)| <p, we have that &(R, y,, y,) &(R, ¢, y,) is a product of at

most p terms @Y or O .
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If we write

lip
gﬁifk Vi, 2 [ Z voc>r (y2 )|¢§j|p:l

‘11()’2)
if jeI(y{, ya)

@5 T Ll ) 04|

o y2), o (¥1)

if jeI(y,, y,), using the Holder inequality, it is not difficult to check that

Z vo (212)) E(R, Vi ¥2) E(R, ¥§, y2)

% y2)
k
< I 2%,
jel(y2)

By recurrence on the number of points in RN Z¢, writing
@y =[v, (1651717
we get

v (ERN <[ 4% .

jel

Now it is clear that we can iterate this procedure by summing over the
configurations in S,__,, Sy, ,,.., Sy, Use again the Holder inequality, and
get the result.
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